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Abstract
Experimental nuclear level densities at excitation energies below the neutron threshold follow closely a constant-temperature
shape. This dependence is unexpected and poorly understood. In this work, a fundamental explanation of the observed constant-
temperature behavior in atomic nuclei is presented for the first time. It is shown that the experimental data portray a first-order
phase transition from a superfluid to an ideal gas of non-interacting quasiparticles. Even-even, odd-A, and odd-odd level densities
show in detail the behavior of gap- and gapless superconductors also observed in solid-state physics. These results and analysis
should find a direct application to mesoscopic systems such as superconducting clusters.
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Phase transitions and phase coexistence are phenomena that
are eagerly sought after and investigated both experimentally
and theoretically, since they involve dramatic changes in the
thermodynamic properties of the system as it undergoes the
transition from one phase to another. In hadronic systems
the quark confinement-deconfinement transition has been un-
der vigorous scrutiny and intense experimental investigation. In
nuclear systems, the liquid-to-vapor phase transition has long
been searched for and finally found [1, 2].
For atomic nuclei away from closed shells and at low excita-
tion energies, the pairing force is the dominant two-body resid-
ual interaction and plays a major role in defining their prop-
erties together with the one-body shell-model component (the
single-particle term) [3]. The effect of pairing on the single-
particle levels is the presence of a gap and the compression of
the quasiparticle spectrum compared to the one-body single-
particle spectrum.
For conventional superconductors, the standard Bardeen-
Cooper-Schrieffer (BCS) pairing description [4] predicts a criti-
cal temperature/angular momentum at which the superconduct-
ing phase reverts to the normal one through a second-order
phase transition. However, for atomic nuclei, this second-order
phase transition has never been truly verified experimentally, in
spite of long and intense efforts. Within the canonical ensemble
theory, attempts have been made to assign a second-order pair-
ing phase transition to the S -shape of the canonical heat capac-
ity [5]. This approach is questionable in view of the special case
of constant temperature, as discussed farther down and also em-
phasized in recent works [6, 7]. On the other hand, first-order
phase transitions can arise from the BCS Hamiltonian under
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specific circumstances, as demonstrated in Ref. [8].
In this Letter, we show that a first-order, rather than a second-
order, phase transition is dramatically evident in experimental
nuclear level densities below neutron threshold, that this transi-
tion is endowed with constant temperature and latent heat, that
we can identify the two phases in equilibrium and their nature,
and that this first-order transition is, in most nuclei, indisputably
related to the presence of an energy gap in the quasiparticle
spectrum.
A large body of high-quality nuclear level-density data are
now available in the literature [9, 10, 11]. The stunning,
common feature of the level densities, particularly evident
for deformed, midshell nuclei, is the linear dependence of
their logarithm with excitation energy. Above ≈ 2∆0, where
∆0 is the pair-gap parameter, and up to about the neutron
separation energy, they are well described by the constant-
temperature expression proposed by Ericson [12], and Gilbert
and Cameron [13]:
ρ(E) ∝ exp(E/T ), (1)
where E is the excitation energy and T is the constant nuclear
temperature. They found this expression to be in good agree-
ment with the cumulative number of levels at low excitation
energy, but did not provide any fundamental, quantitative ex-
planation for this relation. Moreover, the constant-temperature
expression is in striking contrast to the expected Fermi-gas be-
havior as first outlined by Bethe [14], predicting a square-root
dependence of the level density with excitation energy:
ρ(E) ∝ exp(2√aE), (2)
where a is the level-density parameter.
This experimental linear dependence of the entropy S (E) ≈
ln ρ(E) as given by Eq. (1) is the microcanonical hallmark of
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Figure 1: (Color online) Experimental level densities for rare-earth and actinide nuclei measured at the Oslo Cyclotron Laboratory (OCL), with a fit of the constant-
temperature model (blue line) for excitation energies above ≈ 2 MeV: (a) 148,149Sm [15], (b) 160,161Dy [16], (c) 161,162Dy [16], (d) 162,163Dy [16, 6], (e) 163,164Dy [6],
(f) 166,167Er [17], (g) 170,171Yb [18], (h) 171,172Yb [18], (i) 232,233Th [7], (j) 232,233Pa [19], (k) 237,238U [7] and (l) 238,239U [7].
first-order phase transitions. It implies a constant temperature,
a latent heat and an infinite heat capacity; thus, we may have
been staring at the biggest signal yet of such a transition with-
out seeing it. Also the experimental data, displayed in Fig. 1
showing data from the rare-earth region [15, 16, 6, 17, 18], and
several actinides [7, 19], show that the entropies of adjacent
even-even and odd-A nuclei are parallel over the experimen-
tal energy range above ≈ 2 MeV; i.e., the level densities of
neighboring even-even and odd-A nuclei have nearly identical
slopes, Therefore, the level densities of neighboring isotopes
can be made to overlap by means of a horizontal shift along the
excitation-energy axis (see Fig. 2 and Ref. [20]). The resulting
shift is constant with energy and in very good agreement with
the even-odd mass difference; see Table 1. Significantly and
surprisingly, this constant shift identifies the elementary excita-
tions as the quasiparticles and implies that the energy cost per
quasiparticle is constant and independent of excitation energy.
Equally intriguing is the vertical shift between the even-
even−odd-A nuclear level densities, bringing the lower even-
even level density on top of the higher odd-A one (see Fig. 2
and Ref. [21]). This difference in entropy, approximately con-
stant for excitation energies above ≈ 2 MeV, can be interpreted
as the entropy carried by the extra quasiparticle [21]. The ex-
perimental evidence alone thus suggests that as the system is
excited, quasiparticles are created with a constant energy cost
and carrying a constant amount of entropy, see Table 1. This
theory-independent observation is a clear signature of a first-
order phase transition. As we shall discuss below, the two
phases are a superfluid phase and an ideal gas of quasiparticles.
In summary, the thermodynamic interpretation of the data is
that of a clear first-order phase transition with latent heat ∆ per
(quasi)particle, and infinite heat capacity, and a fixed amount
of entropy per (quasi)particle. All of the above follows from
straightforward thermodynamics, without reference to any spe-
cific nuclear-structure theory.
The phase transition is, at least for nuclei well away from
closed shells, clearly related to pairing. First of all, the con-
stant shift ∆ is directly related to the liquid drop mass differ-
ence, which, in turn, arises from pairing. Furthermore, if we,
provisionally, take the constant temperature of the experimental
level-density spectrum to be the BCS critical temperature, then,
according to the well-known BCS relation
Tcr =
2∆0
3.53
, (3)
we can extract the gap parameter ∆0 and compare it directly
with that obtained from even-odd mass differences represented
in the liquid-drop term as described e.g. by Bohr and Mottel-
son [22]:
∆BM ≈ 12A−1/2, (4)
in units of MeV. For a wide range of mass numbers A, the re-
sulting relationship between mass number and temperature us-
ing Eq. (4) is shown in Fig. 3, where the experimental constant
temperatures TCT are taken from Refs. [21, 23, 24]. The close
agreement in magnitude and trend is remarkable for A > 100
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Figure 2: (Color online) Illustration of constant-temperature level densities.
The experimental, horizontal shift gives the slope (1/TCT) through Eq. (3),
and the vertical shift is related to the entropy excess (S ∼ ln ρ(E), ∆S =
ln[ρeo(E)/ρee(E)]) for the quasiparticle as indicated in the figure.
and away from closed shells, although the assimilation of the
constant level-density temperature characteristic of a first-order
transition to a critical temperature associated with a second-
order transition remains to be explained.
As a consequence of this observation, we can predict from
the even-odd mass difference the low-energy nuclear level den-
sities throughout the nuclear chart for regions away from magic
proton/neutron numbers. From these features we can immedi-
ately infer that there occurs, at the constant temperature Tcr, a
first-order phase transition with a latent heat.
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Figure 3: (Color online) Relation between mass number A and constant tem-
perature TCT taken from Refs. [21, 23, 24] for A = 40 − 250, compared to Tcr
from Eq. (3) utilizing Eq. (4) (dark purple line).
Now we proceed to show that all the empirical features find
a close counterpart in BCS theory, with due caution for the mi-
crocanonical/canonical language. For a set of uniformly spaced
single-particle levels, at the critical temperature the excitation
energy is given by [8]
Ecr =
1
2
g∆20 +
pi2
3
gT 2cr, (5)
with g equal to the density of doubly degenerate single-particle
states. In deformed nuclei the degenerate states are time re-
versed with spin projections Ω and −Ω on the symmetry axis.
The most probable number of quasiparticles Qcr at Tcr is [8]
Qcr = 4gTcr ln 2. (6)
By taking the ratio of these two quantities and utilizing Eq. (3),
we get the average cost per created quasiparticle up to Tcr to be
Ecr
Qcr
' ∆0. (7)
This is a very puzzling result, though it is consistent with the
parallel behavior of the level densities described above. Within
the BCS theory, we know that at T = 0 the quasiparticle en-
ergy is ≈ ∆0, and that ∆ decreases with increasing temperature,
so that ∆ = 0 at Tcr (see e.g. Fig. 3 of Ref. [25] for the tin
superconductor).
So, how is it then possible for the energy per quasiparticle
to be constant in this excitation-energy range? The explanation
lies mostly in the structure of the quasiparticle energy, which
reads
Ek =
√
(k − λ)2 + ∆2, (8)
where k and λ are the single-particle energy and chemical po-
tential, respectively (see Fig. 4). As the temperature increases,
∆ does indeed decrease, but within the uniform-spacing model
this is compensated by the increase of the average value of
|k − λ|, and by the change of the underlying pairing field. This
fact is immediately seen for the case of a degenerate model,
with a single high-degeneracy single-particle level, for which
the ratio of Eq. (7) can also be calculated analytically:
Ecr
Qcr
=
1
2
∆0. (9)
In this case, the decrease in ∆ with temperature cannot be com-
pensated by an increase in the one-body energy k, as only one
degenerate level is available.
As an example, we have applied the uniform model (pure
BCS) with ∆0 = 1 MeV, and with a doubly-degenerate single-
particle level density of g = 7/MeV. The parameters would
correspond to A ∼ (12/1)2 ∼ 144, Ecr = 10.89 MeV, Qcr =
10.99 and Tcr = 0.567 MeV. For this case, we have calculated
the average energy per quasiparticle E/Q as a function of the
most probable quasiparticle number in the range 1 < Q < Qcr.
Figure 5 shows that the energy per quasiparticle is very close to
1 MeV in the entire range. At low Q it increases slightly due to
the one body term in the quasiparticle energy. For higher Q the
effect of blocking begins to counteract the one-body effect and
the ratio decreases slightly until it lands on the analytical result
given in Eq. (7) at the critical value Qcr.
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Figure 4: (Color online) Illustration of an equidistant distribution of single-particle levels with energy |k − λ|, where λ is the Fermi energy (or, equivalently, the
chemical potential) for the case with no pairing (left), and when the pairing force comes into play (middle). The quasiparticle energy Ek as a function of k − λ with
and without the pairing term (∆2) is given in the right part of the figure.
Figure 5: (Color online) Average energy per quasiparticle as a function of the
most probable quasiparticle number (see text).
The assimilation of T with Tcr finds also an explanation in the
BCS model. The dependence of the heat capacity upon temper-
ature rises exponentially from zero and peaks at T = Tcr, so that
essentially all energy is absorbed at this temperature.
From the constant energy cost ∆ per quasiparticle, it follows
that the entropy per quasiparticle is
∂S
∂Q
=
∆0
Tcr
=
3.53
2
= 1.77, (10)
to be compared with the empirical, vertical shift as discussed
above (see Tab. 1).
To summarize, if we use the energy rather than the temper-
ature as the independent variable, we observe the progressive
creation of quasiparticles, in number proportional to the energy,
like the amount of ice melted is proportional to the absorbed
heat, independent of the amount of previously melted ice. This
independence, together with the constant entropy per quasipar-
ticle, gives unmistakable evidence of a first-order phase transi-
tion.
The grand-canonical BCS theory parallels almost exactly the
experimental findings once we change variable from temper-
ature T to average energy 〈E〉, except for the presence of a
second-order transition. The experiment, with its microcanoni-
cal, non-fluctuating energy E (and particle number N) portrays
instead a first-order transition. We have shown how close in-
deed the BCS treatment, despite its fluctuations, comes to pre-
dicting the experimentally observed first-order phase transition.
One may wonder whether by transforming the present micro-
canonical level densities to the canonical ensemble one could
recapture the BCS second-order phase transition. So, let us take
the microcanonical level density as given in Eq. (1):
ρ(E) = 1/T0 exp(E/T0), (11)
and perform the Laplace transform
Z(T ) =
∫ ∞
0
ρ(E) exp(−E/T ) dE
=
∫ ∞
0
1/T exp(−E(1/T − 1/T0) dE
=
T
T0 − T . (12)
Thus, we obtain a partition function that allows all tempera-
tures 0 ≤ T ≤ T0, like BCS. We see that for T = T0, we have
a singularity. Is then T0 a limiting temperature, perhaps akin
to the BCS Tcr? However, the microcanonical temperature is
T0 and only T0 by construction. A well-known physical sys-
tem with entropy S = E/T0, where E is the heat, is ice/water,
which at standard condition has the only temperature T0 = 0◦,
i.e. a thermostat. The canonical transformation just performed,
would lead to temperatures 0 ≤ T ≤ T0, which is in stark con-
trast with thermodynamics. As is well known, as long as both
the solid and liquid are present, the system can absorb or release
energy without any temperature change. So, what is wrong?
For the Laplace transform to be thermodynamically mean-
ingful, it is necessary that the entropy be a convex function of
energy, namely
∂2S/∂2E < 0. (13)
This is not the case here; thus, any result inferred from the par-
tition function Z, like heat capacity and other thermodynamic
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Figure 6: (Color online) Illustration of the case where a gap is present in the
single-particle spectrum, but not necessarily due to pairing.
quantities are incorrect. In conclusion, the only temperature
possible for the system is T0, while the energy at that temper-
ature is undefined. Hence, nuclear systems behave exactly like
the water-ice system.
To further illustrate this picture, let us consider a quasipar-
ticle vacuum of degeneracy N, which can be populated with n
quasiparticles at a cost E = nδ, where δ is the energy spacing
between the vacuum state and the single-quasiparticle level as
shown in Fig. 6. The associated number of accessible states is
ω ≈ Nn, and the entropy reads
S = lnω ≈ n ln N = E ln N
δ
(14)
for n  N, and the entropy per particle is simply
S
n
= ln N. (15)
Thus, the level density is given by
ρ(E) ∼ exp S (E) = exp
(
E ln N
δ
)
, (16)
where we easily identify the microcanonical temperature as
T = δ/ ln N. This shows that a low-energy exponential level
density is a consequence of a gap in the quasiparticle spectrum
irrespective of its origin, be it due to pairing or shell effects.
This result can be verified by applying this picture to the pair-
ing case, in the context of the BCS model. Let us substitute δ
with ∆0 and T with Tcr; utilizing Eq. (3), we obtain
Tcr =
δ
ln N
=
2∆0
3.53
, (17)
and
ln N = ∆0/Tcr = 1.77, (18)
in exact agreement with Eq. (10), and in good agreement with
the average, experimental values from Table 1 giving ∆S ave =
2.0(1) kB. Further, the number of available states per quasi-
particle from Eq. (18) is exp(∆S ) = exp(1.77) ≈ 6, again
agreeing well with the experimental ∆S values in Table 1,
exp(∆S ave) = 8(1).
The above discussion shows that pairing is just a particular
example of a more general case, and that the role of pairing is
just to provide a gap in the quasiparticle spectrum. Returning
to the experimental data, we see that the vertical entropy shift
is essentially constant with excitation energy and very close
in value (see Table 1) to the predicted one in Eq. (18). This
entropy per quasiparticle reveals the phase space in which the
quasiparticles move as nearly independent objects. The result-
ing overall picture is that of a coexistence between an underly-
ing superfluid phase in equilibrium with an ideal gas of almost
independent quasiparticles. This picture comes about mostly,
but not wholly, by a shift of perspective, from the canonical to
microcanonical approach or from temperature to energy as the
independent variable. Also, the experimental availability of en-
tropy versus energy for even-even and odd-A or odd-odd nuclei
allows one to observe the very pictorial feature of gap supercon-
ductors and gap-less superconductors in mesoscopic systems.
We expect these features and their interpretation to be very rel-
evant for other mesoscopic systems, such as superconductive
clusters differing by just one electron.
In conclusion, we have shown that the experimental low-
energy level densities (below the neutron separation energy)
portray a strong signature of a first-order phase transition,
which can be understood within the BCS framework. The co-
existence of a superfluid with a gas of quasiparticles is easily
characterized thermodynamically, especially through the com-
parison of even-even and odd-A nuclei. In particular, it is shown
that the even-odd mass difference is sufficient to determine the
level density in absolute value and energy dependence. The dif-
ference observed (and predicted) between even-even and odd
nuclei nicely displays the behavior of gap and gapless super-
conductors and is also of relevance for superconducting clus-
ters. The generalization to systems characterized by any gap,
irrespective of its origin, allows us to interpret level densities
also for nuclei near the magic shells.
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Table 1: Extracted temperatures TCT from fitting the CT-model expression to the level-density data of rare-earth and actinide nuclei, and the corresponding pair-gap
parameters ∆CT calculated from Eq. (3). These are compared to the global formula for ∆BM (Eq. (4)), for which the temperature is deduced using Eq. (3). Also, the
even-odd experimental shift, ρeo vs. ρee, is given, and the temperature is estimated from this shift for the odd nucleus. The experimental entropy excess is given by
∆S = ln[ρeo(E)/ρee(E)] in units of Boltzmann’s constant kB.
Nuclide TBM TCT Teo ∆BM ∆CT ∆eo ∆S
(MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (kB)
148Sm 0.56 0.51(1) − 0.99 0.90(2) − −
149Sm 0.56 0.46(1) 0.51(6) 0.98 0.81(2) 0.9(1) 2.0(2)
160Dy 0.54 0.60(1) − 0.95 1.05(1) − −
161Dy 0.54 0.58(2) 0.57(6) 0.95 1.01(3) 1.0(1) 1.9(2)
162Dy 0.54 0.60(1) − 0.94 1.05(2) − −
163Dy 0.53 0.57(2) 0.51(6) 0.94 1.00(4) 0.9(1) 1.9(2)
164Dy 0.53 0.56(1) − 0.94 0.99(1) − −
166Er 0.53 0.52(1) − 0.93 0.92(1) − −
167Er 0.53 0.56(2) 0.51(6) 0.93 0.99(4) 0.9(1) 2.0(2)
170Yb 0.52 0.57(1) − 0.92 1.00(1) − −
171Yb 0.52 0.55(1) 0.51(6) 0.92 0.96(1) 0.9(1) 1.8(2)
172Yb 0.52 0.54(1) − 0.91 0.95(1) − −
231Th 0.45 0.41(1) 0.51(11) 0.79 0.72(2) 0.9(2) 2.4(4)
232Th 0.45 0.34(1) − 0.79 0.60(2) − −
233Th 0.45 0.40(2) 0.51(11) 0.79 0.70(2) 0.9(2) 2.3(4)
232Pa 0.45 0.44(1) 0.40(6) 0.79 0.77(2) 0.7(1) 1.7(2)
233Pa 0.45 0.45(1) − 0.79 0.79(2) − −
237U 0.44 0.40(1) 0.40(6) 0.78 0.70(2) 0.7(1) 1.9(2)
238U 0.44 0.42(1) − 0.78 0.74(2) − −
239U 0.44 0.37(1) 0.37(3) 0.78 0.65(1) 0.65(5) 2.5(5)
7
